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1. INTRODUCTION 
According to a theorem of Langer 111 and Sz-Nagy and Foias 121, a 
Hilbert space contraction can be uniquely decomposed into a disjoint direct 
sum of a unitary operator and a completely nonunitary (cnu) contrac- 
tion-i.e., one which does not have any nontrivial unitary “part.” This result 
can, of course, be applied to Hilbert space contraction semigroups [2,3]. 
In this note we wish to explore possible extensions of the above results to 
noncontractive uniformly bounded semigroups over a Hilbert space. A 
decomposition of the Hilbert space associated with a uniformly bounded 
semigroup is obtained in Section 2. This decomposition is then shown to 
result in a condition for a uniformly bounded semigroup to be completely 
nonunitary. Moreover, it also yields the Nagy-Foias decomposition for 
contraction semigroups. A condition for a uniformly bounded semigroup to 
admit the Nagy-Foias decomposition is then obtained, and it will be shown 
that such a condition is satisfied by the class of uniformly bounded normal 
semigroups. Finally another type of decompsition of uniformly bounded 
semigroups-with respect to weak convergence property-is derived. 
Relationships between this and a decomposition of contraction semigroups 
due to Foguel [4] are then discussed. 
2. DECOMPOSITIONS OF UNIFORMLY BOUNDED HILBERT SPACE SEMIGROUPS 
Let H be a complex Hilbert space with inner product [,, ‘1 and norm I[ (I. 
A bounded linear operator T on H is isometric if, for each x in H: 
1) Txl/ = /Ix/I. If both T and Tc -the adjoint operator-are isometric then T is 
unitary, and T is a contraction- or is contractive-if 1) TI( < 1. A closed 
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subspace M of H is invariant for T if TMc M; in addition, if M is also 
invariant for P then it is reducing. The restriction of T to an invariant 
subspace M is denoted by TIM. 
In the following we will be concerned with strongly continuous-i.e., of 
the class C,-semigroups of bounded linear operators over H. A C, 
semigroup [T(t), t > 0] is uniformly bounded if there is a constant K > 1 so 
that /( T(t)\1 < K for each t >, 0. If K = 1 then [T(t), t > 0] is a contractive 
semigroup. 
We begin with 
DEFINITION 2.1. Let T be a bounded linear operator on H. A closed 
subspace M of H is defined to be a unitary subspace of T if M is reducing 
and TIM is unitary. T is said to be completely nonunitary (cnu) if the trivial 
subspace (0) is its only unitary subspace. 
It follows from this definition that if M is a unitary subspace of T, then, 
for each m in M: 
r*Tm=m=TT*mo(ITmII=I(ml(=(IT*mll. (2-l) 
We now have 
LEMMA 2.1. For a uniformly bounded semigroup [T(t), t > 0] on H, if 
for some x (# 0) in H, and for each t > 0, 
T(t)* T(t)x = x = T(t) T(t)*x, (2.2) 
then 
II Wbll = II-4 = II W>*xlL t > 0. (2.3) 
Zf [T(t), t >, 0] is contractiue then (2.3) implies (2.2). 
Proof. The proof is all but trivial. We need only show the last statement 
of the lemma. For this consider, for x in H and for t > 0, 
(I T(t)*T(t)x - x(1* = II T(t)*T(t)xll* + llxll* - 2 II T(t>xIl’. 
Therefore if (2.3) holds then 
II W>*Wx -XII* = II V>*Wxll* - 1/412 
< (K4 - 1) IlxI/*, for each t > 0. 
Thus if [T(t), t > 0] is contractive, then T(t)*T(t)x = x, t > 0. In the same 
way it can easily be seen that T(t) T(t) *x = x, t > 0. This finishes the proof 
of the lemma. 
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We are now ready to prove 
THEOREM 2.1. Let [T(t), t > 0] be a uniformly bounded semigroup on H. 
Then H admits the unique orthogonal decomposition 
H=H,,@H;,. (2.4) 
Here 
HKu = {x in H; T(t)*T(t)x = x = T(t) T(t)*x, t > O}, (2.5) 
and in Hi,--the orthogonal complement in H of H,,-the trivial subspace 
(0) is the only subspace for which (2.2) holds. 
Proof: First we note that HKU is a closed subspace of H, since 
Z-ZKU = n ker[Z- T(t)*T(t)] n ker[Z- T(t) T(t)*]. 
f>O 
Suppose now that N is a subspace of Hi, and it is such that 
T(t)*T(t)n = n = T(t) T(t)*n, for each n in N and each t > 0. 
Then, by (2.5), N is a subspace of H,,. This leads to a contradiction unless 
N is trivial. Therefore we conclude that HKu is the maximal subspace of H 
for which (2.2) holds. 
It remains to show that the decomposition (2.4) is unique. For this let 
be another such decomposition. Then of course fiK,, c H,,-by the 
maximality of HKu as mentioned above. Therefore HKu 0 ii,, =J 
(say) 1 ifK,Uz-.A~R~U. But any element of JY also satisfies (2.2), which 
is not possible unless M is trivial. This completes the proof of the theorem. 
It follows at once from this theorem that 
COROLLARY 2.1. Zf the subspace H,, in Theorem 2.1 is reducing, then it 
is the maximal unitary subspace of [T(t), t > 01. Hence in this case the 
semigroup admits the canonical decomposition 
T(t) = T,(t) 0 Tcn,(t>, t > 0, (2.6) 
where T,(t) = T(t)] HK,, is unitary while T,,,(t) = T(t)] Hi, is completely 
nonunitary. 
Proof. By assumption and by Lemma 2.1, H,, is obviously a unitary 
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subspace. It remains to show that it is maximal. For this suppose that N is 
an arbitrary unitary subspace of the semigroup, then by (2.1) 
T(t)*T(t)n = n = T(t) T(t)*n for each n in N and each t > 0. 
Therefore it is contained in HKU, by Theorem 2.1. This shows the maximality 
of HKur and at the same time shows that the only unitary subspace in HE;,, is 
(O)-i.e., [T(t), t > 0] is completely nonunitary on Hi,,. Hence (2.6) follows, 
and the corollary is proven. 
Now, for a uniformly bounded semigroup [T(t), t > 0] on H, we define the 
set 
S,, = (x in H; 11 T(t)xII = llxll = 1) T(t)*x(l, t > O}. (2.7) 
Then S,, is, in general, not a subspace of H. From Lemma 2.1 it is evident 
that HKu c S,, , and by (2.1) it is clear that any unitary subspace of the 
semigroup is contained in HKu. Therefore 
COROLLARY 2.2. Ihfor each t>O, 
T(t)*T(t)x = x = T(t) T(t)*x =s x = 0, (2.8) 
then the uniformly bounded semigroup [T(t), t > 0] is completely nonunitary 
on all of H. 
We have shown in Corollary 2.1 that a uniformly bounded semigroup 
admits the canonical decomposition (2.6) as soon as the subspace H,, is 
reducing. This is indeed the case as is shown in the next corollary. 
COROLLARY 2.3. If [T(t), t > 0] is a contractive semigroup-i.e., with 
K = l-on H. then 
H,, = S,, (2.9) 
is the maximal unitary subspace. Therefore the semigroup admits the 
canonical decomposition (2.6). 
Proof: Equation (2.9) is a direct consequence of Lemma 2.1. It remains 
to show that the subspace H,, is now reducing. This is easy since, for each x 
in H,,, 
II T(s) W4I = II T(s + t)xIl = llxli = iI Wxll~ s, t > 0, 
and by (2.9), 
11 T(s)*T(t)xI\ = 11 T(s - t)*T(t)*T(t)xll = I( T(s - t)*xll, 
= llxll = II Wxllt s, t >, 0. 
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Therefore Hi, is invariant for [T(t), t > 01. In the same way it is easy to see 
that it is also invariant for [T(t)*, t > 01; hence it is reducing. This finishes 
the proof of the Corollary. 
The results of Corollary 2.3 were given by Nagy and Foias [2, 31 in their 
study of a model of Hilbert space contractions. Decomposition (2.6) is 
known as the Nagy-Foias canonical decomposition of Hilbert space 
contraction semigroups. It is evident that this decomposition allows one to 
concentrate only on the cnu part of a contraction, since unitary operators are 
taken to be well understood. 
In the above we have shown that Theorem 2.1 results in the Nagy-Foias 
canonical decomposition for contractive semigroups. This decomposition 
does not generally hold for uniformly bounded semigroups, as was shown in 
Corollary 2.1. However, when the semigroup is normal we then have 
THEOREM 2.2. A uniformly bounded normal semigroup [T(t), t > O] on 
H admits the Nagy-l;oias canonical decomposition 
T(t) = T(t) I HKu 0 T(t) I H,i, 3 t > 0, 
where T(t)1 HKu is unitary and T(t)1 Hi, is completely nonunitary. 
Proof. As in the proof of Corollary 2.3 we need only show that the 
subspace HKU is, in this case, reducing. For this we only have to note that, 
since the semigroup is normal, we have, for each x in H,, and for t, s > 0, 
T(s)* T(s) T(t)x = T(s)*T(t) T(s)x 
= T(t) T(s)*T(s)x = T(t)x, 
and 
T(s)*T(s) T(t)*x = T(s)*T(t)*T(s)x 
= T(t)*T(s)*T(s)x = T(t)*x. 
Therefore H,, is reducing, and the theorem follows at once from 
Corollary 2.1. 
We now turn to another type of decomposition which is related to 
convergence properties of the semigroups. Thus for a uniformly bounded 
semigroup [T(t), t > 0] on H we define 
,&,(T) = {x in H; T(t)x + 0 weakly, t + co }. (2.10) 
Then of course it is a closed subspace of H. Moreover, for each x in .&Jr) 
and for s > 0, 
T(t) T(s)x = T(t + s)x + 0 weakly, t-+ co. 
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Therefore J$.(~) is invariant for [r(t), t > 01. Moreover, 
LEMMA 2.2. ,&,(T) and &(r*) are reducing if and only if 
4gT) =. &(T*). 
Proof. Suppose that I,& =-NW(P); then T(t)*x+ 0 weakly, t -+ co, 
for each x in ,,&(r>. This implies that T(s)*x belongs to .,&,(7’) for s > 0 
and x in .~$(r). Therefore .Xw(T) is reducing by the above remark, and one- 
half of the lemma is proven. For the other half we note that, for each y in H 
and each x in .AJT), 
IT(t)*.% Yl = [T(t)*& Y, fY,l, y, in.&(r) and y, inA;( 
= lx, W)Y,l + lx, W)Y*l 
= [XI W)Y,] --t 0, t+co, 
where we have used the fact that I& is reducing. This shows that 
,HK(7’)~.&(P). In the same way, .&.(r*)~&(T), and the lemma is 
proven. 
We have 
PROPOSITION 2.1. A uniformly bounded normal semigroup [T(t), t > 0] 
on H admits the decomposition 
T(t) = T,.(t) @ T, I(t), t > 0, (2.11) 
where T,.(t) = T(t)I&.(T) converges weakly to 0 as t + 03, and T, I(t) = 
W Ids,- 
Proof. Since ~&(7) is already invariant for [T(t), t > O] we need only 
show that it is also invariant for [T(t)*, t > 01. We have for each x in 
.,5$,(T), y in H and t, s > 0, 
I T(t) T(s)*x, Y] = [ T(s>*W)x, Y] = [TWX, T(s)Y I -+ 0, t+03. 
This shows that T(s)*x belongs to AH,(T) for each x in -+$(7’), and J$.(T) is 
indeed reducing. The decomposition (2.11) is self-evident. This finishes the 
proof of the proposition. 
It is noted that decomposition (2.11) also holds for contractive 
semigroups. Moreover, in this case, T,. l(t) is also unitary. Consequently, for 
a contraction semigroup, A;.( r> is contained in the unitary subspace 
H,,(7)-Eq. (2.9). Th ese results are due to Foguel [4]. It then follows from 
the Nagy-Foias decomposition and Foguel’s results that “a completely 
nonunitary contractive semigroup is weakly convergent.” This result, as far 
as we can see, is not extendable to uniformly bounded semigroups-even 
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when the subspace .kW,(r) is reducing! This is due largely to the fact that, for 
a uniformly bounded semigroup [T(t), t > 01, the lim,,, I] T(t)xII may not 
generally exist, and the operators I - T(t)*T(t) and I -- T(t) T(t)*, t > 0, are 
not positive. These two facts are crucial in establishing Foguel’s results. 
3. CONCLUSION 
In this note we have discussed possible extensions of the canonical decom- 
position of Nagy and Foias-for contraction semigroups-to the class of 
uniformly bounded semigroups. It turns out that uniformly bounded 
normal-and therefore self-adjoint-semigroups can be uniquely decom- 
posed into a disjoint direct sum of unitary semigroups and completely 
nonunitary ones. This result will be used to study stability and stabilizability 
of control systems on a Hilbert space and will be reported elsewhere. 
Finally we note that in [5] Apostol gives the decomposition of any family 
of linear bounded operators on a Hilbert space H into a direct sum of 
normal and completely normal operators. This decomposition results in the 
decomposition of any family of bounded linear operators into the direct sum 
of unitary operators and commutative unitary operators. This is quite 
different from the decomposition of a uniformly bounded semigroup 
discussed in the paper. 
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